Financial instruments whose payoffs are linked to exogenous events, such as the occurrence of a natural catastrophe or an unusual weather pattern depend crucially on actuarial models for determining event (e.g., default) probabilities. In many instances, investors appear to receive premiums far in excess of these modeled actuarial probabilities, even for event risks that are uncorrelated with returns on other financial assets. Some have attributed these larger spreads to uncertainty in the probabilities generated by the models. We provide a simple model of such 'parameter uncertainty' and demonstrate how it affects rational investors' demand for event risk exposures. We show that while parameter uncertainty does indeed affect bond spreads, it does not tend to increase spreads by much. Indeed, the spread increases due to parameter uncertainty in our numerical examples are on the order of only 1-2 basis points. Moreover, in many instances, including those that have the most sensible correlation settings, parameter uncertainty tends to decrease the size of bond spreads. We therefore argue that parameter uncertainty does not appear to be a satisfactory explanation for high event-risk returns.
Introduction
Bonds and other instruments with payments linked to explicit events are growing in popularity among investors and intermediaries. Examples include catastrophe bonds and other insurance-linked securities, weather-related and credit-risk derivatives. Most Wall Street institutions have committed resources to analyze these products for the purposes of both issuing and trading them. Of particular interest is the pricing of catastrophe ("cat") event and weather risks. These risks are perhaps unique to financial economists because their actuarial properties can be objectively modeled with considerable sophistication. They are unique to practitioners because their yields have fallen dramatically over the past few years as traditional reinsurance markets have become more contestable. The appropriate level for these yields going forward is a matter of considerable debate among practitioners and academics.
A simple model of event risk pricing
In this section we lay out a simple framework for pricing event risk, one that allows us to take parameter uncertainty explicitly into account. Our approach is to assume that there is a value-maximizing investor (or institution) that can choose among risky assets including event risk. We consider how that investor values event risk under alternative assumptions about the distribution of that risk and the uncertainty associated with the distribution's parameters. Our portfolio approach allows us to understand how a firm should either:
• Price an event instrument in the marketplace, either as a buyer or a seller;
• Decide (if and) how much of an offered event instrument should be added to an existing portfolio.
Of course, the holder of a large portfolio of instruments must view any alterations or additions to the portfolio in the larger context of the entire portfolio. We focus on how event allocations affect the higher moments of that portfolio. We allow the investor to choose among a portfolio of risky and riskless assets, in addition to any exposure to event risk. This allows the investor to allocate assets optimally at all times, and yet is flexible enough to apply to investors who traditionally have had no direct event exposure, as well as to others (e.g., reinsurers), whose portfolios contain concentrated allocations to event risk.
Based on this analysis, we derive a series of optimal event-risk demand curves. These show the optimal allocation for alternative risk levels and given event yields (or, reciprocally, the minimum yield required for any given size allocation to event risk).
Basic assumptions and notation
To keep things simple, our setup makes several basic assumptions. First, we assume the investor can choose among three assets: a risky market portfolio; a riskfree asset; and catastrophe exposure. We denote the end-of-year value of the market asset by M, where M is assumed to be lognormally distributed:
as we normalize the initial value of the market to unity. The market's expected value is therefore
where r is the annualized risk free rate and
is the annual excess arithmetic return. This market portfolio represents a preexisting, welldiversified portfolio held by the investor.
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The event risk is assumed to be held through a simple binary bond. One dollar invested in this bond has a one year excess return of C e . This takes the value s (the promised spread) with probability 1−P or s−1 (a cat loss) with probability P. The expected excess return is therefore given by, E[C e ] = s − P. The notation can be simplified by defining a binary random variable, B(P), which is equal to 0 with probability 1−P and 1 with probability P, such that:
Second, we allow the investor to consider an allocation of wealth among the market portfolio, the risk free asset, and the event exposure. The portfolio has a stochastic excess return of:
where the weight allocated to the riskfree asset is given by 1 − w 1 − w 2 . Below, we will make alternative assumptions about the distributions of M and C risks. Third, we need some sort of penalty for bearing risk. One way to think of this at a completely general level is that the investor wishes to maximize expected return, holding a function of all the other moments of the portfolio return distribution to be a constant:
where λ is a constant. A sufficient condition to solve Eq. (2) is to maximize return subject to holding each individual moment constant:
where each λ i is a constant. The constraints in Eqs. (2) and (3) are very general. However, in some instances we will want to provide explicit solutions and/or simulate the results. In those instances, one can simply assume that only the first two moments matter, so that we can maximize the portfolio's Sharpe ratio, i.e., the ratio of expected excess return divided by its standard deviation.
Equilibrium expected excess returns on independent event risks are zero
Our first, and very general, point concerns the pricing of event risk in equilibrium. We think of this as the reward in excess of the riskfree rate that event risk would pay if all investors held it equally in proportion to their wealth. We consider individual event risk exposures that are relatively small in comparison with total financial wealth, so that the fraction of overall wealth devoted to these exposures is near zero. In addition, we assume for the moment that individual event exposures are independent of other risks. Under such idealized circumstances, the equilibrium expected return on event risk is the riskfree rate. In other words, the promised yields on event exposures would equal the expected loss rate.
This conclusion follows from the fact that the value of the objective function in Eqs. (2) and (3) remains unchanged if an investor adds a small amount of event risk at her reservation return. If the investor has no preexisting allocation to event risk and event risk is independent of other financial risks, then this reservation expected return must be the risk free rate. A proof of this statement proceeds as follows.
First, if in equilibrium small changes in w 2 are to have no effect on the moments in Eqs. (2) and (3), then the excess return on event risk must be zero. To see this, note that the n'th moment of the portfolio, is given by
. When the event weight w 2 changes, the change in the portfolio's nth moment is n E[(
Given that C e is independent of other portfolio returns, and that w 2 is small in equilibrium (i.e.,
, which is zero only if the expected excess return on event risks is zero, E[C e ] = 0.
2 Because this is true for all n, none of the moments change when the excess return on event risk is zero. And if there is no changes in any of the moments in Eqs. (2) and (3), there can be no change in the objective function. Thus, regardless of the shape of the event risk distribution, its independence and small size imply that E[C e ] = 0 is the equilibrium expected excess return on event risk.
Parameter uncertainty in an equilibrium model for multiple event risks

Independent events and independent parameter uncertainty
The second general point we can make concerns the consequences of parameter uncertainty in event distributions. 3 To gain intuition, recall that for a simple binary event bond, the one year excess return, C e , is either s with probability 1−P or s−1 with probability P, summarized by C e = s − B(P c ). We now introduce parameter uncertainty, in that the observed probability, p, is itself a random variable modeled as p = P + ε, where ε is an arbitrary zero mean distribution (of appropriate support to be sensible). The mean of ε is zero so that p is an unbiased estimator of P.
It is easy to see that the moments of the event bond excess return are independent of the distribution of ε. The n'th moment of the event bond excess return is unrelated to the distribution of ε, provided that its mean is zero:
This simple logic-together with the assumption that event risk is independent of market risk-shows that the variability in the estimation of P is irrelevant for the pricing of binary event bonds. That conclusion follows because, from Eq. (4), variability in P has no effect on any of the higher-order portfolio moments in Eqs. (2) and (3).
It is important to note that this result holds for any allocation to event risk (i.e., independently of w 2 ). To see this, note that each moment of the portfolio can be written as a set of terms in the separate, lower-order moments of market and event risk:
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FROOT AND POSNER where a i,n = ( n i ). Since all portfolio moments can be expressed as functions of event moments, and since parameter uncertainty has no effect on event moments, parameter uncertainty has no effect on the pricing of independent binary event risks, regardless of the importance of these risks in the portfolio.
If there are multiple event risks, it is easy to show that the above logic will apply if each event is independent and has independent parameter uncertainty. To see this, suppose that we split the event return, C e , into a portfolio of two event instruments with returns, C e,1 and C e,2 · C e,i i = 1, 2 takes the value s i with probability 1 − p i or worth s i − 1 with probability p i . As before, we can write this as
where B i ( p i ) is a binary random variable, equal to 1 with probability p i and 0 with probability 1 − p i . We assume, as before, that the true probabilities are not known and that we observe p i , where p i = P i + ε i , i =1, 2, where ε 1 and ε 2 have zero mean and identical higher-order moments. For simplicity, we assume that P 1 = P 2 = P. For the moment, we treat ε 1 as independent of ε 2 (e.g., parameter uncertainties are unrelated) and C e,1 as independent of C e,2 (e.g., hurricane and earthquake). Given this, the last expectation term of Eq. (5) can be written as:
where w 21 and w 22 are weights given to the two event risks, g = w 21 s 1 + w 22 s 2 and w 2i = w 2i /g. Equation (7) shows that the expected product of the binary event outcomes, E{B 1 B 2 }, is the critical term. It is easy to show that this term is given by:
This expression says that if the outcomes and parameter uncertainties are independent, the moments of the event portion of the portfolio can be written as functions of the true probabilities, but not as a function of the uncertainty of these probabilities. As a result, parameter uncertainty again can have no impact on the objective functions in Eqs. (2) and (3). This is true regardless of the weight of the event risks in the portfolio (i.e., w 21 and w 22 need not be small). Of course, an investor will demand a higher spread to hold a large fraction of her portfolio in a single event risk. But this additional charge is not affected by uncertainty concerning the distribution of that risk.
Correlated events and correlated parameter uncertainty
Next, we relax the assumption that the event occurrences and parameter uncertainties are all independent of one another. In doing so, we want to allow for two types of correlation. The first correlation is between the two event outcomes. An example would be catastrophic hurricane losses in two adjacent Florida zip codes. For such events, the probability of a hurricane to one zip code is related to whether damage occurred in the adjacent area. Mathematically, this means the covariance of event outcomes, for given ex ante probabilities, is nonzero. The second correlation is that between the two parameter uncertainties. For example, the same model might be used to evaluate the two Florida zip codes. Any modeling error in the first zip code is likely to spill over into the second.
With these two types of correlation, the expected product of event outcomes becomes:
Subtracting P 2 from both sides, yields:
By using the assumption that the correlation coefficient, ρ, is a fixed parameter independent of the p ′ s, the first term on the right-hand side of Eq. (10) can be expressed as:
Hence we have that
The first term on the right-hand side of Eq. (12) can be approximated to second order (see appendix for a proof), yielding:
where
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FROOT AND POSNER where ρ is the conditional correlation of the outcomes of the two bonds-conditional on the probabilities being known or independent (so that cov⌊ p 1 , p 2 ⌋ = 0). Since we have for simplicity set as equal the variances of the parameter uncertainties, we can define the correlation of the parameter uncertainties, u, to be σ 12 = uσ 2 p . Equation (13) can then be rewritten as
By recognizing that σ 2 B = P(1 − P) we can then define the unconditional correlation between the bonds-the correlation in payoffs allowing for correlated parameter uncertainties-as:
Note that for the special case of where the two bonds are identical (which would imply that ρ = u = 1), we have that ρ u = ρ, i.e., that parameter uncertainty is irrelevant. This is what we would expect given the result for a single event bond above: that regardless of the allocation to that bond, parameter uncertainty is irrelevant for pricing. Simplifying, we then have that
where a = . This result has some intuitive properties. First, the correlation of the outcomes can either increase or decrease with degree of parameter uncertainty (given by the variance of p, σ 2 p ). A sufficient condition for greater parameter uncertainty to decrease the correlation of outcomes is that ρ > u, i.e., that the conditional correlation of the events is higher than the correlation of the parameter uncertainty. In this case, the parameter uncertainty behaves like noise, reducing the correlation of the outcomes.
Second, the greater is the correlation of the parameter uncertainties, the greater is the correlation of the observed outcomes relative to the conditional correlation of the events.
Third, in the presence of parameter uncertainty (i.e., σ 2 p > 0) a given increase in the conditional correlation of the events increases by a smaller amount the correlation of observed outcomes.
Some special cases are interesting and worth noting:
First, if there is conditionally zero correlation between the events then unconditional correlation will have the same sign as the correlation between the parameter uncertainties (u). Second, if u = 0 then the unconditional correlation is always smaller than the conditional correlation. Third, if there is perfect correlation between the parameter uncertainties (u = 1) then the unconditional correlation is always greater than the conditional correlation.
Numerical examples
We next consider the impact that parameter uncertainty has on spreads. Consider a holder of one unit of a cat bond C 1 . This cat bond pays a premium with spread of s 1 over riskfree rates. The probability of this bond being triggered is assumed to be P (in expectation). This investor is now considering the acquisition of x units (assumed to be positive, i.e., that he goes long the new bond) of cat bond C 2 . This bond also has trigger probability P in expectation. The criterion by which the investor chooses a portfolio allocation is that of Sharpe-ratio invariance. That is,
For now, we use ρ to denote correlation in the traditional sense-this will be refined momentarily.
The inequality in Eq. (16) implies that
The left-hand side of Eq. (17) gives the minimum spread on cat bond 2 required for a given allocation level x as a function of correlation. For sufficiently large negative correlations the threshold may be negative, i.e., the investor would accept a negative spread. This is intuitive since with sufficient negative correlation, the second bond is a natural hedge for the first bond so the investor will in effect pay to hedge the first bond. Now we use this setup to demonstrate the pricing impact of parameter uncertainty. We compute the minimum spread required for the second bond under two cases: first where ρ represents the basic conditional correlation and where ρ represents the unconditional correlation, ρ u . In the example, we use Eq. (15) and assume that P = σ p = 1.00%, x = 1 (so that the portfolio is initially entirely invested in the first event bond), and s 1 = 4.00% (which is a realistic approximation of the spreads on 1% event bonds). We vary below both ρ and u (the correlation of the parameter uncertainty). The table displays the difference between the minimum spread required for the second cat bond using the unconditional correlation and that using the conditional correlation. In other words, the table shows how much larger the second spread must be in order to compensate for the presence of parameter uncertainty.
There are several interesting observations to make about how parameter uncertainty affects spreads. First, take the case in which the basic events are independent (e.g., hurricane and earthquake), so that that ρ = 0. The presence of parameter uncertainty can still affect spreads, but only by inducing a correlation in the unconditional correlation of the outcomes. If, for example, the correlation between the p's is zero, there is no effect on spreads, because investors recognize that the parameter uncertainty in one bond has no implications for the outcomes of the other bond. However, if the correlation between the p's is positive, investors recognize that the probabilities of the two independent events tend be overstated (or understated) at the same time. With positive correlation of the p's, the conditional probability of an earthquake occurrence is rationally higher, given the occurrence of a hurricane. Thus, the correlation of the p's actually induces a positive correlation in the bond outcomes, though the increase in spreads is very small. Table 1 shows that the spread increases by only as much as 2 basis points with 1 percent true event probabilities. Table 2 shows the impact on the unconditional correlation of the outcomes in this example. In the case with ρ = 0 and u > 0, Eq. (15) shows that the correlation between outcomes becomes ρ u = uσ 2 p (1−P)P > 0. Note, however, that as Table 2 shows, this induced correlation is very small, reaching a maximum of only 1 percent when u = 1. The intuition is from Eq. (15), which shows that what matters is the ratio of the variance of the parameter uncertainty to the variance of the event outcome. This ratio becomes zero for small event probabilities, given our assumption that the distribution of the parameter uncertainty is more symmetric than are binary event outcomes around their means.
In the case where the correlation between the events is positive, ρ > 0, but there is uncorrelated parameter uncertainty, u = 0, the uncertainty actually lowers the spread on the second bond by about 40 basis points compared to what it would have been without parameter uncertainty (see Table 1 ). The reason is clear from Table 2 , which shows that the correlation of outcomes is lower than ρ unless u is sufficiently large. Essentially, the presence of parameter uncertainty introduces noise into what would otherwise be perfectly correlated outcomes. Unless this noise is also highly correlated, the result is a decline in the correlation of outcomes. Of course, if the parameter uncertainty is very highly correlated (i.e., 100%) it can induce a slight increase in the observed correlation, again only on the order of 1%. For example, for ρ = 0.50 and u = 1.00, the observed correlation becomes slightly higher, at ρ u = 0.51.
In fact, the only instance where the spread of the second bond is increased substantially by parameter uncertainty is the case in which the conditional correlation, ρ, is negative (e.g., earthquake this year and next year). The result is that the spread on the second bond must be higher because investors cannot be sure to receive as much diversification as they would hope to if the probabilities where known. Thus, the spreads become higher as does the correlation of the outcomes. This effect can be large, as in the case where ρ = −100% and u = 0; the spread on the second bond increases by 214 basis points over that of the first bond and the correlation between the bonds increases from −100% to −74%.
The more plausible case, is where the conditional events are uncorrelated or somewhat positively correlated and the parameter uncertainty is more highly positive correlated. This is likely to be the case, since model runs probably tend to have similar biases from one exposure measurement to the next. In that case, the basic effect of parameter uncertainty is not to raise the spread on the second bond, but actually to lower it. Thus, in this sense, parameter uncertainty not likely to provide a satisfactory explanation for high event-risk spreads.
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These numerical examples are, of course, special to all of the assumptions that we have made. Nevertheless, the qualitative results are fairly robust. We have assumed that the initial portfolio is comprised completely of a single, preexisting event exposure. Portfolios that contain less parameter uncertainty (say, because they include exposures other than event risk) will be less sensitive to the parameter uncertainty. Thus, the impact on the second bond's spreads will be even lower than shown in Table 1 .
Summary
Parameter uncertainty is often alleged to be an important reason why rational investors require high compensation for bearing uncorrelated event risk. We have shown that while parameter uncertainty can affect bond spreads, it does not tend to increase spreads by much. Indeed, the spread increases due to parameter uncertainty that we have seen in our numerical examples are on the order of only 1-2 basis points, which is two orders of magnitude smaller than that observed in the market. Indeed, in many instances, including those that have the most sensible correlation settings, parameter uncertainty tends to decrease the size of bond spreads.
